We study the potential of future lepton colliders, running at the Z-pole and above, and the High-Luminosity LHC to search for the relaxion and other light scalars φ. We investigate the interplay of direct searches and precision observables for both CPeven and -odd couplings. In particular, precision measurements of exotic Z-decays, Higgs couplings, the exotic Higgs decay into a relaxion pair and associated Zφ and γφ production are promising channels to yield strong bounds.
Introduction
The discovery of the Higgs boson in 2012 was an extraordinary success for both the Standard Model (SM) and the Large Hadron Collider (LHC). Six years later, the LHC is forcing us to reconsider our views regarding the existence of New Physics (NP) at or near the electroweak scale. Despite a rich program of dedicated searches in many channels, no conclusive signs of NP between the electroweak and the TeV scale have been found. Consequently, the idea is questioned that NP solving the hierarchy problem is at the few-TeV scale and traditional symmetry-based approaches are being challenged.
Generally speaking, constraints on new particles coupled to the SM via either the gauge interactions or other couplings of similar strength are getting increasingly strong, and push models with such couplings to non-generic corners of parameter space. As a consequence, a growing attention is now given to an alternative point of view where the additional degrees of freedom are light and have ultra-weak couplings to the SM, and hence are hard to find. Searching for NP of this kind can be motivated based on purely phenomenological reasonings, but it is also motivated by generic theoretical concepts that support the existence of new weakly coupled light fields. Such moduli or pseudo-NambuGoldstone-Bosons (pNGBs) appear in many extensions of the SM, see e.g. Ref. [1] for a recent review and references therein. The possibility for the presence of these new light fields is further supported by theoretical frameworks that address other conceptual and observational open questions such as the hierarchy and the strong CP problems or the origin of dark matter (see e.g. Refs. [2] [3] [4] [5] [6] ).
Recently, a new mechanism has been proposed that addresses the hierarchy problem in a way that goes beyond the conventional paradigm of a symmetry-based solution to finetuning. It belongs to the abovementioned class of models where the solution is associated with the existence of a new and special kind of pNGB, and it is worth to be examined in detail. It is denoted as the relaxion mechanism [7] , where the pNGB-the relaxion-stabilizes the Higgs mass dynamically. The Higgs mass depends on the classical relaxion field value which evolves in time. The relaxion rolls down a potential, eventually stopping its rolling at a special field value where the Higgs mass is much smaller than the theory's cutoff, hence addressing the fine-tuning problem. Since the rolling needs to be very slow, a frictional force is necessary. The main sources of friction that were proposed thus far are either the Hubble friction during inflation, thereby linking the solution of the hierarchy problem to cosmology [7] , or alternatively through particle production, see Ref. [8] . Relaxion models do not require TeV-scale top, gauge or Higgs partners. However, they do generically lead to an interesting phenomenology. In addition to cosmological signatures [9] , relaxion models can also leave fingerprints at the low energy precision frontier, the intensity frontier and colliders [10, 11] .
As already discussed in Refs. [10, 11] , the relaxion parameter space spans many orders of magnitude in mass and coupling, see Fig. 1 . This is somewhat similar to the case of the axion, but also different in ways discussed below. The relaxion can be as light as 10 −20 eV (e.g. for Hubble-friction based models [7] , and ignoring the relaxion's quality problem [3] ) up to tens of GeV [3, 10] . This is a huge parameter space to probe and it cannot be scanned by a single experiment, or a single frontier of new physics searches. Even more so, most experiments do not even touch the physical parameter space of relaxion models. It is left to consider which of the High-Luminosity (HL)-LHC and future lepton colliders have the power to probe relaxion dynamics.
In this paper we mostly focus on searching for GeV-scale relaxions, which are ultraheavy with respect to the relaxion framework, but at the same time at the low-mass end of the collider reach and therefore pose an experimental challenge. Admittedly, this region covers only a small part of the parameter space of the framework, however, as we shall see, future experiments will have the power to significantly probe physical regions of it. Furthermore, this region, which addresses the little hierarchy problem [12] , is typically free of some of the model's theoretical flaws such as an exponential number of e-folds [7, 13] , the need for significant clockworking [14] [15] [16] , and finally a quality problem [3, 17] .
As for the present, low-mass resonances are already being searched for at the LHC, but the further development of reconstruction and analysis techniques could boost its power in this regime. Indeed, an increased effort has been invested to show that the LHC is powerful in probing several interesting BSM scenarios featuring light particles [18] [19] [20] [21] [22] [23] [24] .
We focus in particular on an interesting property of the relaxion, namely that it mixes with the Higgs due to the fact that CP is spontaneously broken by its vacuum expectation value (vev), see e.g. Refs. [3, 10] . The presence of a light new scalar mixed with the SMlike Higgs is not only a feature common to several new approaches to solve the hierarchy problem [7, 25, 26] , but it is ubiquitous in many other more traditional scenarios for physics beyond the SM (BSM) such as the singlet extension [27] , the Higgs portal [28, 29] , 2-Higgs doublet models (2HDM) [30] [31] [32] , supersymmetry (SUSY) [24, 33, 34] and several others.
As a theoretically motivated framework with a light pNGB with both CP-even and -odd couplings, the relaxion provides us with a useful benchmark model to examine the capabilities of the HL-LHC and future lepton colliders to probe the corresponding parameter space in direct and indirect channels. While our discussion mainly focuses on the relaxion framework, most of the resulting bounds also apply to the singlet extension, Higgs portal and other models.
Our paper is structured as follows. In Sect. 2 we summarize the relaxion mechanism and highlight its couplings that are relevant for collider phenomenology. In addition, we collect in Sect. 3 the existing bounds on the model's rather wide parameter space. In Sect. 4 we discuss in detail direct and indirect probes of CP-even and -odd couplings, both at hadron and lepton colliders. Finally we conclude in Sect. 5.
Relaxion phenomenology
In the following we will briefly review the relaxion mechanism. The effective scalar potential of the theory depends both on the Higgs doublet H and the relaxion φ,
where h is the physical component of the Higgs doublet (before mixing with φ, see below), and Λ is the cutoff scale of a Higgs loop and. As discussed in Ref. [7] , Λ needs to be significantly smaller than the Planck mass. Hence at energies above Λ, additional structure is required to fully stabilize the Higgs mass. See Refs. [35] [36] [37] for attempts in UV completing relaxion models by supersymmetry and composite Higgs. During its evolution, the relaxion scans the Higgs mass parameter µ 2 (φ) from a large and positive cutoff energy Λ 2 down to negative values because of the slow-roll potential
where g is a (small) dimensionless coupling which breaks the shift symmetry of the backreaction potential V br and r > 1 16π 2 due to naturalness requirements. Once µ 2 (φ) becomes negative, the Higgs gets a vev
λ . This non-zero vev activates a backreaction potential V br which eventually stops the rolling of the relaxion at a value φ 0 , where v(φ 0 ) = 246 GeV.
The properties of the backreaction mechanism are model-dependent. In the minimal relaxion model discussed in Ref. [7] , V br is generated by low-energy QCD and thus the relaxion is identified with the QCD axion. Yet, this setup typically predicts a too large phase θ QCD and is therefore ruled out by the upper bound on the neutron electric dipole moment. Possible ways to suppress the CP violation associated with the relaxion mechanism are discussed in Refs. [7, 38] . Alternatively one can introduce a new sector with strongly [7] or weakly [12] coupled vector-like fermions, which generates a Higgs-dependent backreaction potential of the form
with 1 ≤ j ≤ 4 andM being a mass parameter [10] . For later convenience we define the backreaction scale
This scale is not predicted. It can be close to (or larger than) than the electroweak scale or as small as sub-GeV as in the QCD axion case [7] , which corresponds to j = 1. In this paper we consider only the case of j = 2.
In order to avoid fine-tuning, the backreaction scale is limited by [39] 
In the following we will focus on the class of relaxion models where the backreaction has the form of Eq. (2.4) and investigate its phenomenological consequences. Other realizations of the relaxion mechanism have been introduced for instance in Refs. [8, 38, 39] , where our analysis does not apply.
Relevant parameters
In Refs. [10, 40] the couplings of the relaxion to the SM particles and their phenomenological consequences were studied. It was pointed out that generically the backreaction and/or the relaxion vev [3] lead to CP violation. As a result the relaxion mixes with the Higgs and inherits its couplings to SM fields.
It is convenient to write
where r br √ 2π from Eq. (2.5). From the diagonalization of the 2×2 mass matrix (see Ref. [10] for the full expressions) and imposing the largest eigenvalue to be the Higgs mass of m h = 125 GeV we obtain 8) where the approximation holds for m h ≈ v/2. Here and in the following we denote s 0 ≡ sin(φ 0 /f ), c 0 ≡ cos(φ 0 /f ), where φ 0 is the endpoint of the rolling of the relaxion. Moreover, to keep the notation simple, we also denote the mixed mass eigenstates by h and φ. In the limit of f r 2 br v, the expression for the relaxion mass is simplified to
This limit requires 16r 4 br s 2 0 < c 0 which demands either a small backreaction scale or a suppressed CP-violating angle s 0 . This condition is easily met since for Λ br > v the endpoint of the relaxion rolling has a suppressed s 0 as clarified in Ref. [40] . The mixing with the Higgs is given by 
Moreover, using Eqs. (2.10) and (2.11) we find that the mixing is bounded by
This bound holds within the above approximations, which are fulfilled in most of the parameter space.
The relaxion-Higgs sector
As discussed in Ref. [10] , via its mixing with the Higgs, the relaxion inherits the Higgs couplings to SM particles g hX , where X = f, V suppressed by a universal factor i.e. the mixing angle sin θ. This is precisely the case as for Higgs-portal models. The couplings of the relaxion φ to fermions f and vector bosons V are thus given by
The upper bound on the Higgs-relaxion mixing is of the same strength as in general Higgs portal models (see e.g. Refs. [41, 42] ), where the mixing of φ with the Higgs as a function of the mass m φ is bounded by naturalness as sin θ ≤ 2 m φ v , cf. Eq. (2.12). Besides the couplings to SM fermions and gauge bosons, the relaxion also couples to the Higgs boson via c hφφ hφφ which is given by (see Ref. [10] , but here with a general s 0 , c 0 )
Note that only two of the parameters f , r br and θ are independent. In the limit of small relaxion-Higgs mixing, i.e. sin θ → 0, the coupling c φφh does not vanish, but is reduced to the first term with c θ → 1, originating from the backreaction potential. where the simplification holds for the approximation of m h v/2. In addition, in order to avoid a negative λ and other overly large contributions to Higgs-couplings, we shall take f > 1 TeV in our numerical analysis.
Relaxion-gauge-boson interactions
An important ingredient for bounds on the relaxion parameter space are the couplings to the SM gauge bosons. The relaxion couples to the gauge bosons via two different classes of couplings, one that arises through its mixing with the Higgs and one that can arise due to its pNGB nature and is generically dictated by symmetry principles. The former couplings are found when CP violation (CPV) is present, as discussed above, while the latter are CP conserving (CPC). The leading terms in the effective Lagrangian that describes the CP-even relaxiongauge-boson interactions are
where an order one factor that depends on m φ is omitted for simplicity (see e.g. [43] ). If some of the SM fields couple directly to the relaxion in a manner that breaks the shift symmetry, then the above couplings will also contain non-universal pieces that cannot be described only by sin θ, a fact that leads to model dependence.
As for the pseudoscalar couplings of the relaxion to the gauge fields, these arise if the backreaction sector is anomalously charged under the corresponding gauge group, we thus write the effective Lagrangian as
In order to compare the relevant importance of the pseudoscalar couplings to the ones induced by the mixing with the Higgs let us consider for instance the couplings to photons. For example, in cases where the coupling to photons is induced via a weakly coupled set of fermion fields, we expectc γγ ∼ αQ 2 eff , where Q eff stands for the chiral sum of the fermion charges that induces the anomaly. We note that if the backreaction sector is anomalyfree, e.g. consists of a SM gauge-neutral sector (see for example the models described in Refs. [4, 44] ), then Q eff is suppressed by at least one additional loop factor and is expected to be rather small [10] .
Two cases can be distinguished.
• There are two relevant couplings that are unique to the CPV sector: the triple scalar coupling, c φφh hφφ 
. These couplings generically dominate the CPC ones at colliders, in particular when one can produce at least one electroweak/Higgs boson on shell. Thus play a crucial role below.
• As for the coupling to photons, in this case both the CPV and CPC couplings are irrelevant in our effective description, and their ratio is given by
We find that the CPV coupling would dominate only for a relatively large backreaction scale, or in cases where the backreaction sector is non-anomalous.
Status of experimental probes for the relaxion
As just summarized in Sect. 2.1, the relaxion mixes with the SM-like Higgs, leading to a scalar interaction between the relaxion φ and the SM particles. This provides the possibility to search for such a particle in various experimental setups [10, 40] , depending on its mass. Its possible mass range spans several orders of magnitude from sub-eV to several tens of GeV. Hence, it can be directly produced at high-energy colliders or be indirectly detected through its long-range, spin-independent interaction between matter constituents.
CP-even couplings
Refs. [10, 40] studied the probes of the relaxion parameter space in detail. We summarize their results in the overview plot in Fig. 1 . The diagonal line represents the maximal mixing as allowed by Eq. (2.12). One can classify the following types of probes that are relevant for the parameter space below or near this line:
• Fifth force experiments for m φ < 10 eV. They comprise bounds from the Casimir effect [45, 46] (shown here) and the Eöt-Wash-type experiments [47, 48] for the equivalence principle [49] [50] [51] [52] [53] [54] and the inverse square law [52] [53] [54] (for lower masses than shown here, see Ref. [10] ).
• Astrophysical bounds for m φ 300 MeV. They stem from red giants, horizontal branch stars [55] [56] [57] [58] and the Supernova 1987A [59, 60] .
• Beam dump experiments for 1 MeV < m φ 300 MeV. In particular proton fixed target experiments are sensitive. The presented bound is from CHARM [61] [62] [63] .
• Rare meson decays for m φ 5 GeV. Relaxions can mediate rare decays of K, B and Υ mesons, hence their branching ratios constrain the relaxion-Higgs mixing angle, see e.g. Refs. [10, [64] [65] [66] and references therein.
• LEP for 0.3 GeV < m φ < 116 GeV. Searches for Higgs-like particles produced in the Z decay Z → ff φ and via Higgs-strahlung e + e − → φZ have been performed [67, 68] .
• Higgs decays for m φ < m h /2. The LHC Run-1 set an upper limit on the untagged branching ratio of the Higgs boson [10, 69] .
In addition, the relaxion is constrained by cosmological bounds on its late decays. Significant regions of the parameter space can be probed by big bang nucleosynthesis (BBN), the cosmic microwave background (CMB) and extragalactic background light (EBL) as discussed in Refs. [10, 73] . We do not present these bounds here because they depend on various details like the reheating temperature, resulting in a strong model dependence that may even allow to circumvent them [74] . Instead, in Fig. 1 we show only lifetime contours to highlight where cosmological probes could play an important role, in particular 1 s as an indication of the beginning of BBN, 10 17 s as the lifetime of the universe, and 10 26 s to indicate where the relaxion is unbounded by EBL [75] .
In the 10 eV-1 MeV region, only astrophysical probes are sensitive enough to probe relevant regions, i.e. below the line from Eq. (2.12). Together with the bounds from invisible kaon decays shown in Fig. 1 , neutron scattering experiments and atomic precision measurements can in principle probe Higgs portal models, but they are not yet sensitive enough to set competitive bounds [42, [76] [77] [78] [79] [80] [81] [82] [83] . Above 1 MeV, rare meson decays, beam dump and collider experiments have sensitivity to the physical parameter region below the line.
Future experiments are being planned to improve on these existing limits. For instance both SHiP [72] and the beam dump run of NA62 [84] will extend the coverage in the MeVGeV mass range. Moreover, the MATHUSLA surface detector will be able to constrain the couplings of light, long-lived scalars below m φ 5 GeV [85, 86] . In the following we will analyse how a relaxion in the 5 GeV-35 GeV mass range can be probed by the HL-LHC and future lepton colliders. Heavier relaxions with a mass of 35 GeV-62.5 GeV are already ruled out by the present limits on untagged Higgs decays as shown in Ref. [10] . Other scalars that mix with the Higgs could still exist in this mass range. [70, 71] and B → Kµ + µ − at LHCb [65, 66] . Beam dump experiment for φ production from K-and B-decays at CHARM [61] [62] [63] and a projection from SHiP [72] (red dotted). Constraints from the φZ interaction (green) via Z → Z * φ and e + e − → Zφ at LEP [67, 68] and projections for the same processes at the FCCee (green dashed). Untagged Higgs decays (blue) at the LHC Run-1 [10] and projections for the FCCee and TeraZ (blue, dash-dotted, see Sect. 4.1.1). The gray contours of the relaxion lifetime of τ φ = 1 s, 10 17 s and 10 26 s indicate the beginning of BBN, the lifetime of the universe and safety from constraints of extragalactic background light, respectively. The black line shows the upper bound on the mixing according to Eq. (2.12).
CP-odd couplings
Pseudoscalar couplings of the relaxion originate from the backreaction sector, and thus they depend on the details of the specific model as we briefly discussed in Sect. 2.1. The perspectives to probe the relaxion via these CP-odd couplings are subject to the relative size of the CP-odd and -even couplings.
In the following we focus on the mass region above 5 GeV and we refer to Refs. [20, 87, 88] for a detailed discussion of the phenomenology of axion-like particles with sin θ = 0. As it was shown in Ref. [87] , heavy-ion collisions at the LHC can provide the best limits on CP-odd photon couplings in the 5 GeV-100 GeV mass range. Considering Pb-Pb collisions with a luminosity of 1 nb −1 yields f c γγ 500 GeV .
LEP mono-photon searches provide a slightly weaker bound, f /c γγ 300 GeV [20] .
The φγZ dual coupling is instead constrained by rare Z decays. For Higgs-like decays of the relaxion, the strongest limit of
comes from ALEPH [89, 90] as we derive in Sect. 4.2.4. This decay pattern does not only appear when the Higgs-relaxion mixing dominates, but also in scenarios with CP-odd couplings to SM fermions as in Ref. [3] . The case of BR(φ → γγ) = 1 was studied in Ref. [88] . Similarly, the analogous φZZ coupling gives rise to the rare Z decay Z → φZ * (ff ), and to a weak bound via the additional contribution to the total Z-width, Γ NP Z [88] . Furthermore, since the relaxion has both CP-odd and -even couplings, they possibly generate a contribution to electric dipole moments (EDMs). The strongest bound comes from the electron EDM, d e . In particular the present upper bound of d e /e ∼ 8 × 10 −29 cm [91] implies for the product of the CP-odd coupling to photons and CP-even one to electrons [10] ,
where we omitted the logarithmic mass dependence (and, for simplicity, we omit the model dependent CP-odd couplings to fermions here). In the coming years improvements of one order of magnitude are expected [92] . Consequently, as we will see in the following, a relaxion signal could be expected at future EDM experiments and high energy colliders, such as the HL-LHC or future electron colliders.
Prospects for colliders
After reviewing the constraints on the relaxion mass and mixing angle in the previous section, we will now identify and discuss different sensitive channels at hadron and electron colliders that are able to improve on the existing limits. The region of relaxion masses between 5 GeV and 35 GeV is so far only poorly constrained, but can be probed in various ways by runs with higher luminosity at the LHC as well as at future colliders. Higgs searches at LEP and constraints from untagged Higgs decays at the LHC set the so-far strongest limits in this region. Before going to the details of the collider channels, we notice that both very low f M Pl and r br O(1) are required in order to obtain a relaxion mass in the GeV range [10, 40] , which implies that only the little hierarchy can be addressed by the relaxion. For m φ > 5 GeV, Eq. (2.8) implies the following relations between the underlying model parameters:
With f and Λ br ≡ r br v potentially within the range of future colliders, there is a chance to encounter the richer phenomenology of the UV completion of a relaxion model, beyond a discovery of the relaxion itself. Moreover, the heavier the relaxion, the looser the upper bound on the mixing angle sin θ, see Eq. (2.12).
In the following we will use the relaxion as a benchmark model. However, our results are more universal and apply also to a general Higgs portal. The only difference is the model-dependence of the quartic Higgs coupling λ given in Eq. (2.16) and the triple-scalar coupling c hφφ given in Eq. (2.14). Hence our interpretation of the limit on the h → φφ decay is relaxion-specific, while all the other presented bounds are general.
Precision probes
In this section we study possible constraints on the relaxion parameter space via precision measurements of Higgs and Z properties, both at the HL-LHC and future lepton colliders.
Untagged Higgs decays
A powerful way to probe the relaxion at colliders is the exotic Higgs decay into a pair of relaxions, h → φφ [10] , exploiting the sensitivity to the triple coupling c φφh given in Eq. (2.14). There are two complementary ways of deriving bounds from this decay. One possibility are direct searches for the decay products of the relaxions; the other one is indirect by virtue of the NP contribution to the Higgs width in a global fit of Higgs couplings. In this Section we focus on the latter constraint, whereas we review the various direct searches in Sect. 4.2.1. In Fig. 5 both approaches are compared, showing their strong potential in particular at lepton colliders.
Global Higgs coupling fits are sensitive to additional exotic decay channels for the Higgs that remain untagged in the corresponding searches. The measured Higgs rates allow for a global fit of the Higgs coupling modifiers κ i and the branching ratio into NP BR(h → NP) as an additional parameter. Because the measured Higgs rates consist of the product of production and decay, the fit is model dependent. For the case of the relaxion mixed with the Higgs, a two-parameter fit is required, namely a universal modifier of the Higgs couplings to SM particles that can be identified as κ ≡ cos θ (thus automatically κ V ≤ 1, V = W, Z), and BR(h → NP) that is realized by the h → φφ decay channel. The total Higgs width is given by
In general, the NP contribution to the Higgs width consists of Table 1 . Current upper bound and projections on the branching ratios of h → invisible and h → NP at various colliders running at the given center-of-mass energies √ s for benchmarks of integrated luminosity L int . Unless states otherwise in parenthesis, the bounds are given at the 95% CL. The BR(h → NP) at future lepton colliders is estimated via Eq. (4.8) and the precision on κ Z given in the text.
where Γ inv h denotes the partial width into invisible particles and Γ unt h denotes the partial width into untagged final states that are not necessarily undetectable, but were not accounted for in the data set included in the fit, see e.g. Refs. [69, [93] [94] [95] [96] . In the relaxion case, we are interested in constraining Γ NP h = Γ unt h = Γ(h → φφ), i.e. not the invisible width. With masses in the GeV range, the relaxion is short-lived and decays inside the detector even for small sin θ [10] . For the case of only one universal coupling modifier κ, Ref. [69] obtains BR(h → NP) ≤ 20% from Run-1 data of the LHC and Ref. [97] reports a similar bound. This bound applies directly to the relaxion setup, as long as the modifications of the Higgs phenomenology are sufficiently described by sin θ and the impact of the backreaction sector remains small. Current and future runs at the (HL-)LHC as well as Higgs precision measurements at future lepton colliders will tighten the bound on untagged Higgs decays. In Tab. 1 we collect the projections and estimates of upper bounds on BR(h → untagged) at the (HL-)LHC, ILC, CEPC, CLIC and FCCee running at different energies and luminosities, and compare them to the bounds on BR(h → invisible) from the literature.
Estimate of BR (h → NP) While projections of the sensitivity to invisible Higgs decays have been published for all considered lepton colliders [69, [98] [99] [100] [101] [102] [103] , to our knowledge such systematic studies are still missing for Higgs decays to untagged final states. Therefore we estimate the upper bounds on BR(h → NP) in the following way.
Due to the NP contribution to the total Higgs width in Eq. (4.4), each branching ratio into SM final states F is diluted as
A bound can be set on BR(h → NP) via the precision δ κ of the experimental determination of κ [69] 1 . Assuming that the observed signal rates of production times decay are SM-like within n times the uncertainty, n · δ κ , the modification of the production and decay must result in the product as
Hence, the branching ratio into NP can be bounded as
Coupling fits for a model with one universal modifier have not been performed for all of the colliders considered here. Instead, several coupling modifiers for different particle species have usually been included. However, the by far most precisely determined coupling at lepton colliders is generally κ Z , i.e. the coupling of hZZ due to the absolute measurement of the Zh associated production cross section. Therefore this parameter dominates in the fit and is expected to yield a similar result as in a one-parameter fit. A fit of only one κ and BR(h → NP) would result in a stronger bound; thus the described approximation can be regarded as a conservative estimate.
In the relaxion case, BR(h → NP) ≡ BR(h → φφ) depends on m φ and κ ≡ 1 − sin 2 θ.
Thereby, as shown in Fig. 2 , we set constraints on (m φ , sin 2 θ) approximately at the 95% CL.
We obtain these by setting n = 2 in Eq. (4.8), and using the projected precision of κ Z from the various lepton colliders:
In the limit κ = 1, a conservative bound on BR(h → NP) can be derived. We summarize these bounds for future lepton colliders in Tab. 1 (denoted by "est") derived from the precision goals of κ Z . The resulting exclusion contours based on these κ-independent BR bounds are almost identical to those from constraining the product of κ and the BR in Eq. (4.7) because κ is very close to 1 for the sin 2 θ of interest and the κ-dependence of the product is dominated by the κ-dependence of BR(h → φφ). For the FCCee, the Higgs BR into NP has been fitted in a multi-κ fit without requiring κ V ≤ 1, resulting in BR(h → NP) ≤ 0.48% at the 1σ level [103] . The order of magnitude agrees well with our 2σ estimate of 0.64%, but due to these two restrictions we apply our result for a coherent comparability among the lepton colliders.
For the LHC, BR(h → NP) has been worked out in a global Higgs coupling fit for different luminosities in Ref. [69] . The bound based on the Run-1 data set is explicitly calculated in the model with one universal coupling modifier and a NP branching ratio, and is also presented at the 95% CL. In contrast, the projections for 300 and 3000 fb −1 result from a multi-dimensional κ fit and are reported only at the 68% CL. The two modifications with respect to the Run-1 bound have opposite effects and partially compensate each other.
A dedicated global fit of Higgs couplings to the single-κ case is necessary in order to obtain 95% CL bounds precisely applicable to the relaxion case.
Implication of the untagged Higgs decays on the relaxion parameter space The fact that the coupling does not vanish in the limit of small sin θ-owing to the cos 3 θ term in Eq. (2.15)-gives rise to a sin θ-independent bound on the mass for small sin 2 θ 10 −3 . 32 GeV, the HL-LHC is expected to exclude m φ 20 GeV. These bounds may be significantly improved by future lepton colliders. In particular, the potential of the FCCee with 10 ab −1 allows for an exclusion of m φ 12 GeV. Since the hφφ coupling is s 0 -dependent, also the exact exclusion contours depend on the endpoint of the rolling. However, by comparing numerically s 0 of O(1) and O(10 −2 ), we notice that the impact on the BR(h → φφ) is only very mild. Consequently, these strong bounds can be regarded as quite robust within the relaxion framework.
In contrast, for general Higgs portal models, the hφφ coupling has a different dependence on the mixing angle and accordingly, the region of m φ > 35 GeV is not necessarily ruled out. Consequently, searches for light scalars with such masses remain highly relevant.
Higgs self-coupling
The knowledge of the the Higgs self-coupling λ is crucial for the understanding of the Higgs potential. As shown in Eq. (2.16), the Higgs-relaxion mixing alters λ. However, the sensitivity of present and future colliders to λ via Higgs pair production is limited. While relative deviations ∆λ/λ = λ/λ SM − 1 from the SM value of 50% are estimated to be in the reach of the HL-LHC [104] , the ILC might reach 10% [104] 2 whereas Ref. [105] obtains -34% to +42%. According to Ref. [98] , CLIC is expected to become sensitive to a deviation of ∆λ/λ = 19% for an electron polarisation of P − = −80% and combining runs at 1.4 TeV and 3 TeV with luminosities of 1.5 ab −1 and 2 ab −1 , respectively, whereas
Ref. [105] reports -18% to +28% at the 68% CL. Combining the anticipated measurements at the HL-LHC and the FCCee in a 13-parameter fit, Ref. [105] concludes a sensitivity of 40%. While the estimates of the different references may not be directly comparable, it becomes clear that relatively sizeable deviations in the order of several 10% of the Higgs self-coupling from its SM prediction will remain in accordance with uncertainties at future colliders. Yet, the relaxion with a mixing of sin 2 θ < 0.1 induces deviations from λ SM of only less than 10%. Consequently, the considered future colliders will not be able to constrain the relaxion parameter space via this indirect probe. A precision of 1% (0.1%) would be needed to constrain sin 2 θ < 10 −2 (10 −3 ).
Total Z width
Relaxion-mediated decays of the Z boson give rise to an additional contribution Γ NP Z to the total Z width. Since the total width measurement at LEP1 is in agreement with the theoretical SM prediction [90, 106] , a bound on the NP contribution can be derived by limiting it to the combined experimental and theoretical uncertainty. Currently the uncertainty is dominated by the experimental one of δΓ LEP1 Z = 2.3 MeV [90] while the theoretical one is δΓ th Z = 0.5 MeV [107] . At TeraZ, the experimental uncertainty is expected to shrink below δΓ TeraZ Z = 0.1 MeV [103] , necessitating further theoretical improvement. When including the so far missing 3-loop contributions, the theoretical uncertainty is estimated to reach δΓ th,3-loop Z = 0.2 MeV [108] . Hence, unless the improvement of the theory uncertainty goes beyond this estimate, the theoretical and experimental uncertainties will be comparable, and we will use the combined projection of Γ NP Z < 2 × δΓ th+exp Z 2 × 0.22 MeV to set a bound at the 95% CL. Saturating this bound by the relaxion-mediated 3-body decay Z → φff for vanishing CP-odd couplings, we obtain the constraint shown as a red line in Figs. 2 and 5 .
This partial width can be expressed in terms of the CP-even and -odd couplings of the relaxion, giving rise to the integrands I, I, respectively,
The sum is over the fermion final states f of interest, and m f and N c f are the mass and number of colors of the respective fermion. We obtain the following CP-even and CP-odd integrands
10)
respectively, with a f , v f being the axial-and vector-coupling of the fermion, Q its electric charge, θ W the Weinberg angle, and the Källén function is given by
In the calculation of I we neglected the effect of the loop-induced φZγ interaction. We find agreement of the CP-even contribution and the result reported in Ref. [43] . For m φ = 0 and summing over all kinematically allowed SM fermions we obtain In principle, also other electroweak precision observables could play a role. Yet, Ref. [28] showed that for the considered masses they do not constrain small enough mixing angles in the Higgs portal.
Direct probes
In a complementary way to the indirect bounds discussed in the previous section, the relaxion parameter space can also be constrained by direct searches in various production modes as discussed below.
Pair production in Higgs decay
While Higgs coupling fits are sensitive to the BR of h → φφ irrespective of the decays of the relaxions (see Sect. 4.1.1), one can also look directly for the relaxion decay products.
Each relaxion, pair-produced in the Higgs decay, further decays into a pair of fermions f , photons γ or gluons g resulting in a four-particle final state F . ATLAS and CMS search for such signatures and report m φ -dependent bounds on
, which can be compared to the prediction in the relaxion framework and thereby be translated into a bound on sin θ and m φ . In Tab. 2 we summarize the status of these exotic Higgs decay searches performed by ATLAS and CMS during Run 1 and Run 2 of the LHC, listing the final states, the considered data set and mass range of m φ . We conclude that none of the current searches is sensitive enough to probe parts of the relaxion parameter space displayed in Figs. 2 and 5 , i.e. 5 GeV ≤ m φ ≤ 35 GeV and 10 −5 ≤ sin 2 θ ≤ 10 −1 .
Moreover, we estimate the potential reach of the HL-LHC with 3000 fb −1 by rescaling the current limits by the ratio of luminosities and, in the case of Run 1 limits at √ s = 8 TeV, additionally by the ratio of Higgs production cross sections at 8 and 13 TeV in the dominant channels [109] . In Tab. 2 we state the relaxion mass corresponding to the vertical asymptote of the exclusion contour in the (m φ , sin 2 θ) plane.
The strongest direct bound at the HL-LHC is expected in the bbτ τ channel excluding m φ > 26 GeV which is presented in Fig. 5 (orange, dashed) . The projections for bbµµ and 4b with V h, V = W, Z production are similar, but somewhat weaker (see m HL φ in Tab. 2) and therefore not shown in the overview plot. Neither the τ τ τ τ and τ τ µµ nor the recent γγgg final states are expected to constrain the displayed parameter plane at the HL-LHC, based on this extrapolation from the current LHC data.
The 4µ final state covers low masses of a few GeV. However, sin θ is in part of this mass range already strongly constrained by rare B-decays. Furthermore, the 4µ bounds at 13 TeV [110, 111] are reported for a certain model only, namely dark gauge bosons, a 2-Higgs doublet model with an additional singlet (2HDM+S) or the NMSSM for a fixed value of tan β, making the translation to other models less straightforward. A model-independent presentation of the updated bounds in all channels would be helpful.
As a conclusion, the only direct channels evaluated here that have the potential to constrain the displayed parameter space at the HL-LHC, are bbll, l = τ , µ and 4b in V h production due to the sizeable branching fractions. However, the strongest vertical asymptote is at m φ > 26 GeV whereas Higgs coupling fits at the HL-LHC can exclude m φ > 20 GeV. Hence at the HL-LHC, there is no direct search for h → φφ → F that is stronger than the indirect HL-LHC bound.
A different picture emerges at lepton colliders running at √ s = 240 GeV for which projections of the upper bound on exotic Higgs branching ratios in particular in hadronic final states have been worked out in Ref. [112] . Such signatures are very hard to distinguish from background at hadron colliders, but can be promising at lepton colliders. Taking CEPC with 5 ab −1 as a benchmark, a strong bound of BR(h → φφ → 4b) < 3 × 10 −3
for 10 GeV ≤ m φ ≤ 60 GeV has been obtained. The resulting exclusion contour in the (m φ , sin 2 θ) plane is shown in Fig. 5 (orange, dotted) , excluding m φ > 11 GeV. Hence, this direct search is expected to constrain the relaxion parameter space more strongly than the bound derived from the anticipated precision of the Higgs couplings, see the corresponding CEPC contour in Fig. 2 at the same energy, a similar bound on h → 4b is expected according to their luminosities. In contrast, it is not easily transferable to CLIC due to its higher energy far above the Zh threshold. A dedicated analysis would be necessary and useful to determine the reach of CLIC via these hadronic search channels of exotic Higgs decays.
Production at the LHC
Similarly to the Higgs, the dominant production modes for the relaxion at the LHC are
• tt, bb -associated production: pp → ttφ, bbφ
• vector boson fusion (VBF): pp → φjj
In the left panel of Fig. 3 we present (as solid lines) the production cross sections σ(pp → X) depending on m φ in different channels X = φ (gluon fusion), W φ, Zφ, ttφ, bbφ and φjj (VBF) for sin 2 θ = 1. In all processes (beside the resonant φ production), we require a minimal transverse momentum of the relaxion of p T (φ) > 20 GeV and evaluate the cross sections at √ s = 13 TeV. The gluon fusion cross section was calculated at N 3 LO and with resummation up to N 3 LL using ggHiggs v3. 5 [119-122] . All other cross sections for processes at the HL-LHC were obtained with MadGraph5 aMC [123] at NLO. Compared to the production cross section of the Higgs with a mass of m h = 125 GeV, which is of the order of pb, there is at most an enhancement of two orders of magnitude (reached only for W φ at the lowest considered m φ ) for sin 2 θ = 1 and setting all CP-odd couplingsc i = 0.
The LEP search, however, already constrains sin 2 θ 10 −2 in the considered mass range.
As a consequence, the φ searches need to be targeted at cross sections smaller than the SM values of the 125 GeV Higgs. Regarding the decay modes, the right panel of Fig. 3 shows the branching ratios of φ for only CP-even couplings. The leptonic channels, i.e. φ → τ τ , µµ have a similar branching ratio for m φ > 2m b as for the 125 GeV Higgs and therefore the expected rates are small. The other clean channel, φ → γγ, is suppressed by a factor of 100 to 2 for m φ between 5 and 100 GeV, respectively, compared to the BR at a mass of 125 GeV due to the m 3 φ -dependence. Hence, an observation of this final state might only become feasible if this partial width is enhanced by the CP-odd couplingc γγ . While below the bb threshold the decay into cc is dominant, BR(φ → bb) approaches 1 where kinematically allowed. However, hadronic final states of low-mass resonances pose a severe challenge. CMS has already performed a vector resonance search with hadronic final states, yet only for m φ > 50 GeV. Further experimental efforts focused on lower masses would be helpful. Regarding the status at the LHC, CMS searched for pseudoscalars in the 25 GeV-80 GeV mass range produced in association with bb in the 19.7 fb −1 data set from the 8 TeV run (see Ref. [124] for τ + τ − and Ref. [125] for µ + µ − decay modes). Assuming a similar efficiency for scalars the present bound is weaker than the one from LEP. Moreover, a naive rescaling by the increased luminosity at HL-LHC does not improve on the LEP bound either. Nonetheless, an improvement beyond the increased luminosity might provide valuable input.
Ref. [126] investigates in a phenomenological study the discovery prospects for a new pseudoscalar with a mass between 20 and 100 GeV produced via ttφ with φ decaying into bb. Ref. [127] instead studied the LHC phenomenology of a light scalar in the same mass range mixed with the Higgs and concluded that the LHC has the potential to slightly improve the LEP constraints for this channel for m φ > 80 GeV. However, the cross sections to be probed by this analysis are too large to be realized in a relaxion framework. Recently, the sensitivity of the LHC to light axion-like particles produced in gluon fusion has been studied for decays into γγ [23] and τ + τ − [19] . Their projected sensitivity could set competitive bounds for CP-odd couplings, but for CP-even couplings the cross sections within reach correspond to a mixing angle already probed by LEP. Potentially more promising production modes are the associate production with a gauge boson, i.e. Zφ or W φ, which yields larger cross sections, as shown in Fig. 3 .
So far we have considered the case where the dominant couplings are the ones given by the Higgs-relaxion mixing. As we previously discussed, the relaxion also has CP-odd couplings with the SU (2) gauge bosons which cannot only change the decay pattern, but also the production. In particular the production pp → W (Z)φ can receive an additional where the subscripts 5 and 35 denote m φ in GeV. The partonic cross sections were calculated analytically with FeynCalc version 9.2.0 [128, 129] and folded with the LO parton distribution from NNPDF version 3.1 [130] , interfaced with ManeParse version 2 [131] . As a cross check of our calculation, we compared the CP-even part with the cross section calculated with MadGraph5 aMC [123] and found agreement.
Production at electron colliders
Due to the clean environment, lepton colliders are not only able to explore the relaxion parameter space via precision measurements as discussed in the previous section, but also via direct relaxion production. When considering the CP-even coupling via mixing with the Higgs, there are two main production channels for relaxions at lepton colliders, φZ and φν eνe via W -fusion. The cross section for the third production mode, φe + e − via Z-boson fusion, is about one order of magnitude smaller than that of W -fusion and will therefore only play a negligible role. For φZ associated production, the polarized cross section is given by 18) where P ± denote the positron and electron polarization, respectively, and
and λ K is given in Eq. (4.12). In the limit s m Z m φ , the expression simplifies to The existing limits on this process from LEP2 (ALEPH, DELPHI, L3, OPAL) [68] were presented in Ref. [10] . Our approach here is to estimate the reach of future lepton colliders running at the Z-pole or above by rescaling LEP2 bound by the square root of the ratio of luminosities. For the FCCee we assume a luminosity of 10 ab −1 at a center-of-mass energy of √ s = 240 GeV. When extrapolating the LEP2 limits, we neglect the difference in cross section due to the different center-of-mass energies within the various LEP2 runs (192) (193) (194) (195) (196) (197) (198) (199) (200) (201) (202) and between LEP2 and the FCCee. The φZ cross section at √ s = 240 GeV is by a factor of about 2 smaller than at √ s = O(200 GeV). Yet, at the same time, also the cross sections of the background processes decrease so that our rescaling by luminosity ratios only is justified as a rough approximation.
For lighter φ-masses it is more promising to consider the three-body decay Z → φ at the run at the Z pole. The TeraZ limit is rescaled from the LEP1 (L3) limit [67] This is a conservative extrapolation of cut-and-count analyses and will be certainly outperformed by modern analyses. Compared to the LEP analyses they will benefit from improved flavour-tagging techniques, better detector design and also the advances in computational methods, i.e. usage of machine-learning tools. The final states might be different from those considered in the LEP analyses when taking CP-odd couplings to photons or to leptons into account. In order to enable an estimate of the potential of these machines independent of the relaxion decay modes, we show in Fig. 3 as dashed lines the unpolarized cross section σ(e + e − → Zφ) at √ s = 240 GeV for sin 2 θ = 1. The lower cross section with respect to those at the LHC will be compensated by the clean environment, the possible enhancement by polarization as well as the large planned luminosity, making future lepton colliders powerful machines for φ production. The production of a light scalar φ with m φ > 20 GeV in association with a Z was studied in the context of the ILC in Ref. [132] . In particular, for a luminosity of L = 2000 fb −1 and with polarized beams, the LEP2 bounds can be significantly improved.
Their result is shown as the green dotted line in Fig. 5 These values are calculated with an additional cut on the transverse momentum of the two leptons of 10 GeV and the pseudorapidity η < 2.5. They are about one order of magnitude smaller than the corresponding cross sections for W -fusion.
Probing the CP-odd couplings and the relaxion CPV nature
We have briefly discussed above the possible (CPV) contributions of the relaxion to the electron EDM that is proportional both to its CP-even and -odd coupling. Here we consider the potential to probe the unique CP properties of the relaxion from processes involving its production at lepton colliders. We first discuss the case of measurements involving φZ final states, and then move to examine those with φγ . As for the former channel, the production from mixing, i.e. through the CP-even vertex, is dominated by the relevant coupling to Z while the latter is loop-induced and is described by a dimension-five operator in the effective field theory. This is in contrast with the pseudoscalar interactions that are always induced by dimension-five operators.
Production via CP-odd couplings As for the φZ final state we have already discussed above the contribution from mixing and thus show now the production cross section via CP-odd couplings: These values are about two orders of magnitude smaller than the Zφ cross section from the CP-even interaction given in Eq. (4.21), forc i ∼ s θ . Therefore the CP-odd interaction only plays a significant role in this process when the mixing angle is much smaller than thec i for f = 1 TeV. Allowing for both CP-even and -odd couplings to be present, a measurement of the total cross section can only constrain one (quadratic) combination of these. However, an angular analysis of the distributions of the Z decay products involving an up-down imbalance is sensitive to the CP asymmetry of the decay (see e.g. Ref. [133] ). Consequently, one can in principle probe both the CP-even and -odd components of the cross section. In addition to the Zφ production we also consider the γφ production. We first note that for the latter the mixing contributions only arise at the one-loop level and thus this channel is much less sensitive to these when compared to the Zφ channel. For simplicity we therefore focus on the CP-odd couplings with the corresponding cross section given bỹ
where the polarization factors P P + P − are given in Eq. (4.19). In the limit s m 2 Figure 4 . Existing (solid) and projected (dashed) limits on the CP-odd coupling of the relaxion to γZ (left) and ZZ (right) as a function of the relaxion mass: e + e − → Zφ (blue) at LEP2 [68] and FCCee. Additionally forc γZ /f : Z → γφ (orange) at ALEPH [89, 90] during LEP1 and at TeraZ. Moreover forc ZZ /f : Γ(Z → φ) (red) at L3 during LEP1 [67] and TeraZ.
which agrees with the result presented in Ref. [88] Finally, rare Z decays into φγ involvec γZ . For this partial width we obtain
in agreement with e.g. Ref. [88] .
Constraining the CP-odd couplings The above cross section prediction forσ φZ as well as the decay widths of Z → φ and Z → φγ can be used to constrain the CP-odd couplingsc ZZ andc γZ . We evaluate the implications of the LEP measurements at and above the Z-pole and estimate the sensitivity at TeraZ and the FCCee. Regarding Z → φ, we translate the L3 bound from LEP1 [67] on sin 2 θ shown in Fig. 5 into bounds on the CP-oddc ZZ coupling. For this we require 33) i.e. ignoring differences in the distributions. Here BR refers to the decay through mixing where all CP-odd couplings are neglected whereas BR refers to the decay based on the CP-odd couplingc ZZ . For TeraZ, we take the rescaled LEP1 limit on sin 2 θ.
Likewise we proceed for Z → φγ where onlyc γZ plays a role. The strongest bound on BR(Z → φγ) × BR(φ → f f ) is reported by ALEPH [89] for f = τ . Here we assume the decay of Z into φγ viac γZ and the decay of the relaxion into τ τ via mixing with the BR as shown in Fig. 3 . Since BR(φ → f f ) is independent of sin 2 θ, this approach is valid for sufficiently small sin 2 θ. We rescale the ALEPH limit by the ratio of Z bosons used in the analysis [90] to the 10 12 expected at TeraZ. Concerning e + e − → φZ, we analogously require the number of Z bosons, N Z , produced in this channel viac i to be equal to N Z produced via mixing at the sin 2 θ that is maximally allowed by LEP2 or its rescaling to FCCee, respectively. In order to obtain N Z at LEP2, we sum over the products of luminosity times cross section evaluated at the energies of the respective runs [134] . Fig. 4 shows the current limits and future projections onc γZ andc ZZ . While the runs around 200 GeV set stronger bounds onc ZZ than those at m Z ,c γZ is best constrained at the Z-pole.
Finally at very high energy lepton colliders like the high-energy stage of CLIC, Wboson fusion becomes an important process to produce axion-like particles [135] . This could be used to set bounds onc W W .
Comparison of direct and indirect probes
The comparison of the direct and indirect probes in the summary plot of Fig. 5 highlights the complementarity and perspectives in exploring the relaxion framework at colliders. There are ample regions of parameter space where the relaxion can be discovered both via deviations in precision measurements of Higgs properties and via direct production.
Focusing on the discovery potential of the future colliders, we notice that the searches for Higgs decays into a pair of relaxions can probe relaxion masses rather independently of the mixing angle. Such bounds can be complemented by direct searches in other channels and confirm or rule out a potential indirect evidence. Moreover, direct searches are the only way to explore relaxion masses below 20 GeV at the (HL-)LHC, providing a strong motivation to try to push the sensitivity below this mass. In this context, τ final states are particularly motivated due to the large branching ratio in Higgs portal models and a reasonable reconstruction efficiency. At the price of a lower branching ratio, but with the benefit of a cleaner signature, also other leptonic final states should be explored, see Fig. 3 .
Despite the precision at TeraZ and the expected improvement of the theoretical uncertainty, the NP contribution to the total Z-width will not set new limits beyond the already excluded range. Nevertheless, direct searches at TeraZ for the decay of Z → φff do play an important role in constraining a light φ.
The 'collider region' of the relaxion is bounded from below by the LHCb bound of up to 5 GeV. While for general scalars any higher masses are relevant, the relaxion window ends at 32 GeV on account of the bound set by untagged Higgs decays.
The maximal relaxion-Higgs mixing angle as a function of the mass is limited by Eq. (2.12) indicated by the black line. Hence the current bounds hardly probe the viable region whereas the projections for all of the considered future colliders cut deeply into this physical parameter region. Untagged Higgs decays (blue) at the LHC Run-1 (blue area) and projections for the HL-LHC with 3 ab −1 (blue, dashed) and the FCCee with 10 ab −1 (blue, dash-dotted) according to Tab. 1.
The NP contribution to the total Z-width will be bounded by TeraZ (red). The maximal mixing according to Eq. (2.12) is indicated by the black line.
Conclusion
In this paper we evaluated the potential sensitivity of future colliders to light scalars, motivated by the relaxion framework. The relaxion phenomenology is driven by two kinds of couplings: The first kind is in their simplest form identical to those of a CP-even Higgs portal and originates from the relaxion mixing with the Higgs; the second kind is similar to those of CP-odd axion-like-particles and typically arises due to an anomalous backreaction sector. We studied indirect effects and direct production modes both at the HL-LHC and at future lepton colliders, namely the ILC, CLIC, the CEPC and the FCCee running at the Z-pole and above the Zh production threshold. Our results are applicable to a large class of models beyond the relaxion framework. Light (pseudo-)scalars can arise in a variety of models, for example Higgs portals, 2HDM with an additional singlet, and supersymmetric versions thereof, as well as in models with axion-like particles.
The fact that the relaxion acquires both CP-even and -odd couplings makes it an interesting model to study, in particular given the powerful capabilities of future colliders. While focusing mainly on the implications of the CP-even interactions, we also point out in which channels the CP-odd couplings can influence the collider phenomenology and derive constraints on them.
Among the indirect probes, we evaluated the NP contribution to the total Z-width, in this case from the decay Z → ff φ, whose current bound from LEP1 will be significantly improved at TeraZ. Furthermore, we studied the sensitivity to the hφφ coupling via untagged h → φφ decays, resulting in strong, though relaxion-specific bounds.
Regarding the direct probes, we considered gluon fusion, associated production as well as explicit searches for h → φφ. We provided analytic expressions for polarized cross sections at lepton colliders and semi-analytic functions for the processes at the HL-LHC, involving both the CP-even and -odd couplings.
Our main findings are:
• We chart the physical parameter region of relaxion models, expressed via the relaxionHiggs mixing angle as a function of the mass. We find that only mixing angles smaller than twice the ratio of mass to the Higgs vacuum expectation value can describe actual relaxion models. It is quite interesting that the HL-LHC and future colliders are capable to significantly probe this "physical relaxion" region, albeit only for a very massive relaxion.
• The HL-LHC can probe relaxion masses roughly above 20 GeV by untagged Higgs decays. However, its discovery prospects in direct channels via its mixing with the Higgs are limited due to the large background for low-mass resonances and suppressed branching ratios for the clean final states.
• Future lepton colliders have the potential to significantly improve on existing limits and HL-LHC projections on the parameter space via direct and indirect channels. In particular masses roughly above 10 GeV, and mixing angles above few times 10 −3 will be probed by exotic Higgs and exclusive Z decays respectively.
• The CP-nature of φ can be deciphered by the interplay of CP-even and -odd driven signals. In particular the interplay of collider observables (such as φZ and possibly φγ production as well as the angular distribution of decay products) and EDMs is crucial.
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